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Abstract   In this chapter, criteria for existence of propagating optical modes 
which are transversely bound at the interface of two materials are studied. In par-
ticular, quite general cases are considered, where the materials involved are as-
sumed to be anisotropic, but also demonstrating magneto-electric effects. Moreo-
ver, surface states of two-dimensional materials like topological insulators and 
graphene are also modeled via consideration of a conductivity sheet existing at the 
interface. A characteristic equation for obtaining the propagation constant of gen-
eralized interface modes is presented. Furthermore, optical modes sustained by a 
thin film of anisotropic materials with magneto-electric effect and topological sur-
face states are also investigated. It is shown that interface modes supported by 
such a system are hybrid in nature, and can be further decomposed into the well-
known classes of transverse magnetic and electric modes, only at the absence of 
magneto-electric effect. Although the formulations driven here are mathematically 
abstract, they can be used to investigate polaritons in van der Waal materials, hy-
perbolic materials, and topological insulators.  
1.1 Introduction     
Charge density waves associated with a free-electron gas inside metals can couple 
to the electromagnetic waves at the surface of the metal and create surface plas-
mon polaritons (SPPs). SPPs are guided waves which are transversely bound to 
the surface of a metal and transport the electromagnetic energy. In other words, a 
surface of a metal is topologically the simplest considerable geometry for support-
ing guided waves. In addition SPPs have other fascinating characteristics, such as 
transporting [1-3] and trapping [4] of the electromagnetic energy beyond the dif-
fraction limit, as well as enhanced light–matter interaction [5, 6] happening due to 
the ability of SPPs to localize light waves at the nanoscale [7, 8]. This localization 
is concomitant with quantization of either linear or angular momenta  of the opti-
cal waves, in the Fabry-Pérot-like linear resonators like nanorods [9] and slits 
[10], or geometries supporting rotating modes [11, 12], respectively. More sophis-
ticated localization mechanisms happen in geometries like tapers, which support 
both linear and angular momentum orders, and facilitate highly efficient near- to 
far-field coupling of optical resonances [13, 14]. A prominent characteristic of 
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SPPs is however a large attenuation constant, which hinders them from suitable 
applications in technologically relevant fields dealing with the transport of infor-
mation. Circumventing the problem of loss in metals has initiated the field of die-
lectric-based nanophotonics [15].  
Concerning the electrodynamics, optical modes bound at interfaces may happen 
for other classes of materials besides metals. A well-known example of such 
modes is the Dyakonov wave which occurs at the surface of anisotropic dielectrics 
[16-18], or the Dyakonov plasmon when considering hyperbolic materials [19, 
20], also called hyperbolic plasmons here. A hyperbolic material has a uniaxial 
crystalline structure with two distinguished permittivity components, namely in-
plane (
xx
ε = ||yyε ε= ) and normal ( zzε ε⊥= ) components, where the coordinate 
system is positioned along the principal axes of the crystal. In addition, in some 
frequency ranges, the signs of the two permittivity components are not the same. 
In other words, for some certain polarizations of the incident light the material be-
haves like a metal, whereas for other polarizations the optical response signifies a 
dielectric-like behavior. The dispersion relation for a plane wave propagating in 
the bulk of a hyperbolic material at an arbitrary direction with the wave vector 
( ), ,x y zk k k k=

is decomposed into two groups, for ordinary and extraordinary 
rays correspondingly. The isofrequency surface of the extraordinary rays (trans-
verse magnetic waves) in particular is given by [21] 
 
( ) ( )
2 2 2 2
2
x y z
r r
k k k
c
ω
ε ω ε ω
⊥
+
+ =

 (1.1) 
 
Fig. 1. Isofrequency surfaces of plane waves propagating inside a hyperbolic medium with (left) 
|| 0rε < and 0rε ⊥ > , and (right) || 0rε > and 0rε ⊥ < . 
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which for the case of 0
r r
ε ε
⊥
< forms a hyperboloid (Fig. 1). Additionally, two 
distinguished types of hyperboloids are expected: for the material with  || 0rε <
and 0
r
ε
⊥
>   the isofrequency surface exhibits a gap and this material is referred 
to as hyperbolic type I, whereas for material with || 0rε > and 0rε ⊥ < there is 
not any gap in the isofrequency surface. Such a material is called hyperbolic type 
II. 
Why are hyperbolic materials interesting? Besides being a simpler case of a met-
amaterial [22], there exist several applications for hyperbolic materials. They can 
be used for enhancement of the Purcell factor and spontaneous emission [23], en-
hancing the photonic density of states (PDOS) [20], and they have an extreme 
confinement factor for the optical energy at the nano scale because of the large ef-
fective refractive indices of the optical modes sustained by hyperbolic materials 
[24]. Moreover, there are natural materials with hyperbolic dispersion covering 
distinct regions of the electromagnetic spectrum, from terahertz to the ultraviolet 
[25] (Fig. 2).  
Interestingly, tetradymites and more specifically topological insulators (TIs) are 
naturally hyperbolic as well. Among natural hyperbolic materials bismuth-based 
TIs have been more intensively investigated considering their optical density of 
states [26-28]. The optical modes at the surface of TIs have contributions from 
Dyakonov plasmons, as well as electronic surface states (SSs). Very similar to 
graphene, two-dimensional plasmons also exist at the surface of TIs and sustain 
ultrahigh wavenumbers which allow for the confinement of modes up to three or-
ders of magnitude smaller than the diffraction limit. Thanks to their gapless dis-
persion, 
 
Fig. 2. Natural hyperbolic materials and the frequency range they cover. Adapted from ref. [25]. 
Blue and orange colours correspond to the bands with one and two negative components in the 
diagonal dielectric permittivity tensor, respectively. 
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  they can cover an extremely large bandwidth for the energies
2 2 2 4 2
0 0
1
2
s F
n e vω ω η> −ℏ ℏ , where a Drude model is considered for the local re-
sponse conductivity [29]. Here 
0
ω is the damping rate, 
F
v is the Fermi velocity, 
e  is the elementary charge, h is the Planck constant, 
0 0 0
η µ ε= is the free-
space impedance, and 
s
n is the carrier density. However, dissimilar to graphene, it 
is not easy to assess the role of SS versus the bulk contributions to the interface 
optical modes, when a pure imaging technique like scanning near-field electron 
microscopy (SNOM) is employed [30]. In contrast, methods like electron energy-
loss spectroscopy which allows for momentum-resolved investigations can be 
used for directly resolving the dispersion [31].  
In addition to the Dyakonov and Dirac plasmons, there is another contribution to 
be added to the surface optical modes, caused by the topological magneto-electric 
(ME) effect [32]. It has been shown recently that topological insulators are plat-
form for the realization of axion electrodynamics [33-35], when the time reversal 
symmetry is weakly broken, for example by applying a static magnetic field. Axi-
onic behavior in TIs originate from the pseudoscalar term of the ME response, and 
appears as an additional contribution to the free energy of the material as 
( ),TIW E H E H∝ − ⋅
   
. The ME response results also in the generalization of the 
constitutive relations of the Maxwell equations in the form given by: 
 ( ) ( ) ( ) ( )ˆ, : , ,
r
D r E r B rω ε ε ω ω ς ω
0
= +
  
  
  (1.2a) 
and  
 ( )
( )
( ) ( )
1
, , ,
r
H r B r E rω ω ξ ω
µ µ ω
0
= −
  
  
 (1.2b) 
where for the topological magneto-electric effect ς ξ αθ η pi
0
= = [36, 37], where 
2
4e cα piε0= ℏ  is the fine-structure constant, θ  is a phenomenological parame-
ter in the effective Ginzburg–Landau theory describing the topological ME effect, 
and θ pi= . ˆ
r
ε is the permittivity tensor and 
r
µ is the permeability, ε
0
and µ
0
 are 
the free-space permittivity and permeability, E

and H

are the electric and mag-
netic field components respectively, D

is the displacement vector, and B

is the 
magnetic flux density. We further mention here, that the topological ME effect can 
also be modelled by the off-diagonal element of the two-dimensional conductivity 
tensor at the interface (
xy
σ and 
yx
σ elements). However, to distinguish between 
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the Dirac plasmon and the topological ME effect, and to further include the chiral 
ME effect, we chose to use eqs. (1.2a) and (1.2b). 
To fully understand the behavior of the optical modes at the interface of TIs with 
other materials, all the important contributions stated above should be taken into 
account: (i) the hyperbolic nature of the material, (ii) SSs and Dirac plasmons as-
sociated with them, and (iii) the topological ME effect. In this chapter a simple 
model will be derived and proposed to investigate the full PDOS at the surface of 
TIs, which is also applicable to heterostructures like graphene upon a hyperbolic 
material like hexagonal boron nitride (hBN). The aim is to maintain the discus-
sions at a mathematically abstract level to be able to provide the reader with the 
general idea. However, few examples will be provided for physically relevant sys-
tems like Bi2Se3, graphene, and hBN. 
1.1 Helmholtz Theory for Hyperbolic Materials with ME effect   
For isotropic materials without ME effect, it is straightforward to derive the 
Helmholtz equation for the electric and magnetic field components individually in 
the form of ( ) ( )2 20 0r rE k Eε ω µ ω∇ + =
 
 and ( ) ( )2 20 0r rH k Hε ω µ ω∇ + =
 
 , 
where a source-free medium has been considered. Here 
2 2
0 0 0k ω ε µ= is the free 
space wavenumber. However, for reducing the number of equations and the possi-
bility to decompose the modes into symmetry groups like transverse electric and 
transverse magnetic waves, it is better to use potentials. Moreover, for anisotropic 
materials with ME effect, it is not possible to propose wave equations for field 
components. The Helmholtz equation is however derivable for some specific po-
tentials, such as the magnetic vector potential ( A

) and the scalar potential (ϕ ) 
pairs [38]. Such a method demands a generalization of the Lorentz gauge theory, 
as will be shown here.  
By using the relation between the potentials and field components as B A= ∇×
 
 
and E i Aω ϕ= − −∇
 
, Maxwell’s equations, and the constitutive relation given by 
eqs. (1.2a) and (1.2b), one can derive the following equation for the magnetic vec-
tor potential 
 
( )
( )
21
ˆ :
ˆ : 0
r
r
r
A A A
i i A
ω ε ε
µ µ
ωε ε ϕ ω ξ ς
2
0
0
0
∇∇⋅ −∇ − +
∇ + − ∇× =
   
 
 (1.3) 
A gauge theory can be used to derive the Helmholtz equation for A

: 
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 ( )
1 1
ˆ ˆ
: :
r r
r
A A
i
ε ε
ϕ ξ ς
ωε µ µ ε
− −
0 0 0
−
∇ = ∇∇ ⋅ − − ∇×
    
 (1.4) 
which is referred to as the generalized Lorentz gauge.  Using (1.3) and (1.4), we 
derive the Helmholtz equation for the magnetic vector potential as
( ) ( )2 20 ˆ : 0r rA k Aµ ω ε ω∇ + =
 
. Note that eq. (1.4) does not allow for a direct rela-
tion between ϕ and A∇⋅
 
, as usual. However, what we need for deriving the field 
components is ϕ∇

and not ϕ itself. Moreover, for the topological ME effect 
where ξ ς= , eq. (1.4) will be simplified to the Lorentz gauge. Finally, the field 
components are given by 
 ( )
1 1
ˆ ˆ
: :
r r
r
E i A A A
i
ε ε
ω ξ ς
ωε µ µ ε
− −
0 0 0
= − + ∇∇⋅ − − ∇×
     
 (1.5) 
for the electric field, and 
 
1
r
H A Eξ
µ µ
0
= ∇× −
  
 (1.6) 
for the magnetic field.  
1.2  Optical modes at a single interface 
We consider now an interface between two hyperbolic materials which sustain 
topological ME effect. The interface is located at 0z = , with the only nonzero 
permittivity components ||r xx r yy rε ε ε= = and r zz rε ε ⊥= . We allow also for 
surface states modelled by a two dimensional conductivity ( )kσ ω ⊥, , which only 
affects the boundary conditions in the formulations as ( )1 2zˆ H H Eσ× − =
  
, 
where 
1
H

and 
2
H

 are magnetic field components at 0z ≥ and 0z ≤ , respective-
ly. Without loss of generality, we assume that the optical waves propagate along 
the x axis, are invariant along the y-axis, and are evanescent with respect to the z-
axis. The solutions for the vector potential can be then constructed as 
 ( ) ( )( ) ( )1,1, exp expzA r A z i xααα ω κ β= − − ɶ  (1.7a)  
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 for the region 0z ≥ , and  
 ( ) ( )( ) ( )2,2, exp expzA r A z i xααα ω κ β= + − ɶ  (1.7b) 
for the region 0z ≤ . iβ β β′ ′′= − is the complex propagation constant, 
( )( )
2
, 2 2
0
j j j
z r r k
α
αα
κ β ε µ= − , ( ), ,x y zα∈ , and 1,2j = designates the domains 
0z ≥ and 0z ≤ , respectively. 
1
A
αɶ and 
2
A
αɶ are unknown coefficients for the vec-
tor potential expansions in each domain. 
The boundary conditions should be satisfied at 0z = for the tangential electric and 
magnetic field components. Obviously there are only 4 equations from which to 
obtain the unknowns  ( )1 2,x xA Aɶ ɶ , ( )1 2,y yA Aɶ ɶ , and also ( )1 2,z zA Aɶ ɶ . In order to avoid 
an underdetermined system of equations, pairs in the form of ( ),x yA A , 
( ),y zA A , and ( ),x zA A  should be used. After some straightforward algebra, it is 
furthermore understood that pure TMx, TMy, or TMz modes, as well as ( ),x zA A
modes will not satisfy the boundary conditions. The modes associated to the 
( ),x yA A and ( ),y zA A pairs are denoted here by xyA and yzA , respectively. 
After meeting all the requirements stated above, the characteristic equation for the 
xy
A propagating modes is obtained as: 
 
( ) ( )
( )
( ) ( ) ( ) ( ) ( )
( ) ( )
( )
1, 2,
1 2
1, 2, 1, 2,
1 2 1 2
|| || || ||
1, 2,
2
2 1 2
0 1 2
|| ||
,
,
y y
z z
r r
x x x x
z z z z
r r r r
x x
z z
r r
i
i
κ κ
ωµ σ ω β
µ µ
σ ω βκ κ κ κ
ωεε ε ε ε
κ κ
η ξ ξ
ε ε
0
0
 
+ + × 
 
 
 
 + +
 
 
= − −
  (1.8) 
 where 
1ξ and 2ξ are the topological ME indices for domains 0z ≥ and 0z ≤ , re-
spectively. For the 
yz
A modes, the characteristic equation is obtained as: 
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( ) ( )
( )
( ) ( ) ( ) ( ) ( )
( ) ( )
( )
1, 2,
1 2
1, 2, 1, 2,
1 2 1 2
|| || || ||
1, 2,
2
2 1 2
0 1 2
|| ||
,
,
y y
z z
r r
z z z z
z z z z
r r r r
z z
z z
r r
i
i
κ κ
ωµ σ ω β
µ µ
σ ω βκ κ κ κ
ωεε ε ε ε
κ κ
η ξ ξ
ε ε
0
0
 
+ + × 
 
 
 
 + +
 
 
= − −
 (1.9) 
The only difference between the characteristic equations (1.8) and (1.9) is the re-
placement of 
( ),2x
z
κ by 
( ),2z
z
κ in the second term on the left side and also on the 
right side. Moreover, both equations are similar when ||
i i
r r
ε ε
⊥
= , i.e. when the ma-
terial is isotropic. In other words, 
xy
A and 
yz
A modes become degenerate for an 
isotropic material.  
For materials without a topological ME effect, eqs. (1.8) and (1.9) form three in-
dividual groups of modes, which are 
( )( ) ( )( )1, 2,1 2|| ||x xz r z rκ ε κ ε+ +
( ) ( ) ( )1, 2, 1 2|| ||, 0
x x
z z r r
iσ ω β κ κ ωε ε ε
0
= , ( ) ( ) ( )1, 2,1 2 , 0
y y
z r z r
iκ µ κ µ ωµ σ ω β
0
+ + = , 
and 
( )( ) ( )( ) ( ) ( ) ( )1, 2, 1, 2,1 2 1 2|| || || ||, 0z z z zz r z r z z r riκ ε κ ε σ ω β κ κ ωε ε ε0+ + =  associated with 
the TMx, the TMy or magnetic plasmon, and TMz modal groups respectively. 
Moreover, when the two materials surrounding the conducting interface are simi-
lar, as for graphene sandwiched by two similar materials the propagation constant 
for the optical modes is obtained as 
 
 ( )( )
22
0 || ||4
x
r r r
β ωε η ε µ ε σ ω
0
= −  (1.10a) 
for the TMx modes, and 
 ( )( )
22
0 ||
1
4
y
r r r
β ωµ η ε µ µ σ ω
−
0
= −  (1.10b) 
For the TMy modes. Finally for the TMz modes we have 
 ( )( )
22
0 ||4
z
r r r
β ωε η ε µ ε σ ω
0 ⊥
= −  (1.10c) 
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where we assumed the local approximation for conductivity for the sake of sim-
plicity. For the following calculations, we assume a Drude model for conductivity 
as ( ) ( )2 F2
1
s
n
e v h
i
pi
σ ω
τ ω
=
−
, where τ =500 fs, Fv  is the Fermi velocity in 
graphene, 
12 2
7.37 10 cm
s
n
−
= × is the carrier density. Interestingly, when 
0 r r
σ η µ ε< , a 2D conducting plane can also carry TMy plasmons. However, 
most of the cases 
0 r r
σ η µ ε≪ , for which TMy modes are transformed to 
plane waves in the surrounding medium.  
We consider a structure composed of graphene sandwiched by hBN (Fig. 3). The 
permittivity of hBN is modelled by two Lorentz functions for planar and orthogo-
nal components as described by Woessner et al [30]. TMx and TMz modes in such 
system are nearly degenerate, despite the hyperbolic nature of hBN. These modes 
sustain giant phase constants, leading to the confinement of graphene plasmons to 
the area well beyond the diffraction limit. In contrast however, TMy modes are on-
ly loosely bound to the graphene. It should be noted here that for materials without 
ME, a rather simpler derivation can be considered based on the isofrequency sur-
faces provided by eq. (1.1) and Maxwell’s equations. In this case one directly con-
structs the solutions at the field level, where the only nonzero components are 
x
E
, 
z
E , and yH . The propagation constant is then obtained as 
2 2
0 0 4r zz r zz r xx xβ ωε η ε ε ε σ= − (Fig. 4). There is a significant difference be-
tween the propagation constants shown in figures 3 and 4. In fact the propagation 
constant obtained by decomposing the fields are understood by the level repulsion 
between the modes obtained by decomposing the magnetic vector potential and 
the planar waves in bulk hBN.  
We now assume the optical modes at the interface between hBN and air (Fig. 5). 
In this system only TMx modes are propagating, and the TMx and TMz modes are 
no longer degenerate. The optical modes at the interface of a hyperbolic material 
like hBN and a dielectric are called Dyakonov plasmons. By inserting a graphene 
layer at the interface, the graphene plasmons are also excited, which poses two in-
dividual modes at energies below 160 meV and at energies above 195 eV. The ef-
fective wavelength of the graphene plasmon (Dirac plasmons) is much shorter 
than the wavelength of the light, but it cannot propagate to a long distance, in con-
trast to the Dyakonov plasmon. 
Bi2Se3 is also an example of a material which is naturally hyperbolic, both at THz 
frequencies and in the visible range. Moreover, the topological ME effect can also 
alter the modal dispersion of the optical fields at the interface, though the effect is 
almost negligible. We use the bulk permittivity components reported by Wu et al. 
(Fig. 6), and for the surface conductivity we use the same model as for graphene. 
Dyakonov plasmons at the interface of Bi2Se3 and air are very much attached to 
the light cone, which results in less confinement of the optical energy in  
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Fig. 3. Propogation constant of a graphene sheet sandwiched by hBN for (a) TMx and (b) TMy, 
and (c) TMz modes. TMx and TMz modes are nearly degenerate, despite the hyperbolic behaviour 
of hBN. TMy modes (middle) are loosely bounded to the graphene. Phase constant is shown by 
the blue solid lines and the attenuation constant by red dashed lines. Optical line in air is shown 
by cyan solid line. (d) The spatial distribution of the tangential x-component of the electric field 
at depicted energies for each mode. 
 
comparison with hBN. Moreover, only the
xy
A group supports propagating waves 
at the interface between Bi2Se3 and air. Dirac plasmons at the surface of Bi2Se3 are 
only excited at energies below 8 meV and above 17 meV, as shown in ref. [27] 
(Fig. 6). Due to the existence of the topological ME effect, the y-component of the 
electric field is also excited, even when the interface is excited with a p-polarized 
light. This fact leads to the Faraday rotation due to the topological ME effect just 
at a single interface.  
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Fig. 4. Propagation constant obtained by directly decomposing the fields into the TMx and TMy 
groups, where only TMx modes lead to propagating waves. The phase and the attenuation con-
stants are shown by blue solid lines and red dashed lines, respectively. 
 
 
 
Fig. 5. (left) Dispersion of Dyakonov plasmons at the interface of hBN and air. (right) Disper-
sion of plasmons confined at the hBN/graphene/air structure. Spatial profile of the x-component 
of the electric fields at depicted energies, for the hBN/air interface (left lower panel) and the 
hBN/graphene/air interface (right lower panel). 
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Fig. 6. (Top) Permittivity components for Bi2Se3 in the THz regime. Real parts are shown by sol-
id lines, and the imaginary parts by dashed lines. (Middle left) Dispersion of Dyakonov plasmons 
at the interface of Bi2Se3 and air, excluding the Dirac plasmon dispersion. (Bottom left) x- and y- 
components of the electric field at the energy of 157 meV.  (Middle left) Dispersion of Dirac 
plasmons at the interface of Bi2Se3 and air. (Bottom right) x- and y- components of the electric 
field at the energy of 22 meV. 
 
Another hyperbolic band for Bi2Se3 exists at optical frequencies (Fig. 7) [26]. This 
band is specifically interesting due to the fact that both normal and parallel (to the 
interface) permittivity components exchange their signs in the visible-frequency 
range leading to the existence of both type-I and type-II hyperbolic behaviours in 
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the bulk. However, neither Dirac plasmons nor the topological ME effect are ex-
cited in this energy range, which is quite above the Fermi energy of the material. 
The dispersion of Dyakonov plasmons in this energy range is quite attached to the 
light line, leading to penetration of the evanescent tail of the field at long distances 
into the air. Although Dyakonov plasmons cannot propagate at long ranges, guid-
ing modes inside a thin film made of hyperbolic materials, and also at the wedges 
of nanostructures sustain smaller attenuation constants. In the following we inves-
tigate the behaviour of optical modes in slab waveguides made of hyperbolic ma-
terials with topological ME effect. 
 
 
Fig. 7. (Top) Permittivity components for Bi2Se3 at optical ferquencies. Real parts are shown by 
solid lines, and the imaginary parts by dashed lines. Dispersion of Dyakonov plasmons at the in-
terface of Bi2Se3 and air for (Bottom left) TMx modes and (Bottom right) for the TMz modes. x- 
component of the electric at selected energies is shown at the inset. 
1.3 Optical modes in a slab waveguide  
  We consider a slab waveguide spanned within the region z d≤  and positioned 
on top of a substrate (Fig. 8). Two different 2D conducting sheets are positioned at 
z d= +  and z d= − , with conductivities 
u
σ and dσ , respectively. Here, u  and d  
14  
stand for up and down, respectively. The solution to the propagating wave along 
the x-axis in this heterostructure can be constructed as 
( )
( )
( )( ) ( )( )( )
( )
3
2, 2,
2e 2
1
, cos sin
a
z
s
z
z d i x
i x
z o z
z d i x
A e e z d
A r A z A z e z d
A e e z d
κα β
α αα α β
α
κα β
ω κ κ
− − −
−
+ + −
 ∀ ≥ +


= + ∀ ≤

 ∀ ≤ −
ɶ

ɶ ɶ
ɶ
 (1.11) 
 where ( )
2
2 2
0
a
z ra ra
kκ β ε µ= − , 
( )( )
2
2, 2 2
0z r rk
α
αα
κ ε µ β= − , and 
( )
2
2 2
0
s
z rs rs
kκ β ε µ= − , and  ( ), ,x y zα∈ . The possible solutions are again con-
structed by assuming a pair of potentials as ( ),x yA A and  ( ),y zA A  referred to as 
xy
A and 
yz
A , respectively. By satisfying the boundary conditions, the characteris-
tic equation for the propagation constant iβ β β′ ′′= − is computed. After some 
straightforward algebraic efforts we derive the following system of equation for 
xy
A group: 
 
2
11 12 13 14
221 22 23 24
31 32 33 34
2
41 42 43 44
2
0
x
e
x
o
y
e
y
o
Ac c c c
Ac c c c
c c c c A
c c c c
A
         =             (1.12)  
where the matrix elements are given in table 1. Equation (1.12) is a homogene-
ous system of equations which can lead to nontrivial solutions only if the determi-
nant of the matrix is zero (i.e. when the matrix is singular). Moreover, for 
0u dσ σ= = , the same equations as those reported in ref. [38] are obtained. It is 
already visible from the symmetry of the system, that the solutions are further de-
composed into two subgroups in the case that u dσ σ σ= = , ra rs rdε ε ε= = , and 
ra rs
µ µ= rdµ= . These subgroups for 
xy
A  modes are ( )e o,x yA A  and ( )o e,x yA A  
pairs for which the choice of the unknown amplitudes for the vector potential in 
the region z d≤  is represented by ( )2e 2o, yxA Aɶ ɶ  and ( )2o 2e, yxA Aɶ ɶ , respectively. 
Here  
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Fig. 8. A heterostructure composed of a thin film of hyperbolic material with topological ME ef-
fect, sandwiched by 2D conducting sheets positioned at lower and upper surfaces, a superstrate 
and a substrate.  
 
the subscripts e and o stand for even and odd respectively. For ( )e o,x yA A
group, we derive the following characteristic equation 
 
( )
( )( )
( )
( )
( )( )
( ) ( )( )
,2
,2
||
,2
,2
,2 ,2
2 2
0
1
cot
1
1 cot
cot
1
1
x
xrd z
zd d
r z z
rd
y
yrd z
zd
r rd z
x x
z z
rd
d d
rx z rd z
rd
d
i
d
i
d
i
i
ε κ
κ
ε κ σ κ
ωε ε
µ κ
κ
µ ω µ µ σ κ
κ κµ
η ξ
ε σ κ ωµ µ σ κ
ωε ε
0
0
0
0
 
 
 + ×  
 +  
  
 
 + =
 +
 
−
+
+
 (1.13) 
where ( )
2
2 2
0
d
z rd rdkκ β ε µ= − . For the ( )o e,x yA A group we have 
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( )
( )( )
( )
( )
( )( )
( ) ( )( )
,2
,2
,2
,2
,2 ,2
2 2
0
1
tan
1
1 tan
tan
1
1
x
xrd z
zd d
rx z z
rd
y
yrd z
zs
r rd z
x x
z z
rd
d d
rx z rd z
rd
d
i
d
i
d
i
i
ε κ
κ
ε κ σ κ
ωε ε
µ κ
κ
µ ω µ µ σ κ
κ κµ
η ξ
ε σ κ ω µ µ σ κ
ωε ε
0
0
0
0
 
 
 −  
 +  
  
 
 × −
 +
 
= − ×
+
+
 (1.14) 
It is evident from eqs. (1.14) and (1.15), that in the presence of ME effect, we will 
have a coupling between x- and y- polarizations. In other words, for ξ =0 we can 
obtain usual 
e
TM
x
,  
o
TM
x
, 
e
TM y ,  and
o
TM y  modes, with their associated charac-
teristic equations given by 
 
 
( )( ) ( )( ),2 ,2|| cotx xdrd z r z z dε κ ε κ κ = ( )( )
1
1
d
z rd
iσκ ωε ε
−
0
− +    (1.15a) 
  
( )( ) ( )( ) ( )( )
1
,2 ,2
tan 1
x xd d
rd z rx z z z rd
d iε κ ε κ κ σκ ωε ε
−
0
= +  (1.15b) 
 
( ) ( )( ),2 ,2tany yrd z z dµ κ κ ( )sr rd ziµ ω µ µ σ κ0= +  (1.15c) 
 and  
 
( ) ( )( ) ( ),2 ,2coty y drd z z r rd zd iµ κ κ µ ω µ µ σ κ0= − +  (1.15d) 
respectively.  
For the 
yz
A modes, the following homogeneous system of equations is obtained: 
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Table 1. Matrix elements for eq. (1.12). Here ( ), 1a x a az z u z raiκ κ σ κ ωε ε0 = +  , 
( ), 1s x s sz z d z rsiκ κ σ κ ωε ε0 = +  , 
,a y a
z z ra u
iκ κ ωµ µ σ
0
= + , 
,s y s
z z rs diκ κ ωµ µ σ0= + . 
cij 1 2 3 4 
 
 
 
 
1 
( )
( )( )
( )
( )( )
2
,2
||
,2
,2
,
,2
cos
sin
x
ra ra z
a
r r z
x
z
x
ra z
a x
r z
x
z
d
d
ε µ κ
ε µ κ
κ
µ κ
µ κ
κ
 
−  
 
 
× +
−
×
 
( )
( )( )
( )
( )( )
2
,2
||
,2
,2
,
,2
sin
cos
x
ra ra z
a
r r z
x
z
x
ra z
a x
r z
x
z
d
d
ε µ κ
ε µ κ
κ
µ κ
µ κ
κ
 
−  
 
 
× +
+
×
 
( )( )
,
,2
cos
ra
a x
z
y
z
i
d
ωµ µ ξ
κ
κ
0
×
 
( )( )
,
,2
sin
ra
a x
z
y
z
i
d
ωµ µ ξ
κ
κ
0
×
 
 
 
 
 
 
2 
( )
( )( )
( )
( )( )
2
,2
||
,2
,2
,
,2
cos
sin
x
rs rs z
s
r r z
x
z
x
rs z
s x
r z
x
z
d
d
ε µ κ
ε µ κ
κ
µ κ
µ κ
κ
 
−  
 
 
×
−
×
 
( )
( )( )
( )
( )( )
2
,2
||
,2
,2
,
,2
sin
cos
x
rs rs z
s
r r z
x
z
x
rs z
s x
r z
x
z
d
d
ε µ κ
ε µ κ
κ
µ κ
µ κ
κ
 
−  
 
 
×
+
×
 
( )( )
,
,2
cos
rs
s x
z
y
z
i
d
ωµ µ ξ
κ
κ
0
−
×
 
( )( )
,
,2
sin
rs
s x
z
y
z
i
d
ωµ µ ξ
κ
κ
0
×
 
 
 
3 
( )( )
( )( )
2
,2
,
||
,2
cos
x
z
ra
a y
r rz
x
z
i
d
κ µξ
ωε ε µκ
κ
0
×
 
( )( )
( )( )
2
,2
,
||
,2
sin
x
z
ra
a y
r rz
x
z
i
d
κ µξ
ωε ε µκ
κ
0
×
 
( )( )
( )
( )( )
,2
,2
,
,2
cos
sin
y
z
y
raz
a y
rz
y
z
d
d
κ
µκ
µκ
κ
−
×
 
( )( )
( )
( )( )
,2
,2
,
,2
sin
cos
y
z
y
raz
a y
rz
y
z
d
d
κ
µκ
µκ
κ
+
×
 
 
 
4 
( )( )
( )( )
2
,2
,
||
,2
cos
x
z
rs
s y
r rz
x
z
i
d
κ µξ
ωε ε µκ
κ
0
−
×
 
( )( )
( )( )
2
,2
,
||
,2
sin
x
z
rs
s y
r rz
x
z
i
d
κ µξ
ωε ε µκ
κ
0
+
×
 
( )( )
( )
( )( )
,2
,2
,
,2
cos
sin
y
z
y
rsz
s y
rz
y
z
d
d
κ
µκ
µκ
κ
− ×  
( )( )
( )
( )( )
,2
,2
,
,2
sin
cos
y
z
y
rsz
s y
rz
y
z
d
d
κ
µκ
µκ
κ
+ ×  
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2
11 12 13 14
221 22 23 24
31 32 33 34
2
41 42 43 44
2
0
z
e
z
o
y
e
y
o
A
c c c c
Ac c c c
c c c c A
c c c c
A
 
   
   
  = 
   
   
    
 (1.16) 
 with the matrix elements provided in table 2. Obviously we should solve for the 
zeros of the determinant of the matrix in (1.16) to obtain the propagation constant. 
As for 
xy
A modes, 
yz
A modes can be also further decomposed into two subgroups 
for a symmetric system; i.e. are ( )2e2e ,y zA Aɶ ɶ and ( )2o2o ,y zA Aɶ ɶ pairs. The characteris-
tic equation for the propagation constant associated with ( )2e2e ,y zA Aɶ ɶ can be ob-
tained as 
 
( )
( )( )
( )
( )
( )( )
( )
( )
,2
,2
||
,2
,2
,2
2 2
0
||
1
cot
1
1 tan
1
1
z
zrd z
zd d
r z z
rd
y
yrd z
zd
r rd z
z
rd z
dd
r rd zz
rd
d
i
d
i
i
i
ε κ
κ
ε κ σ κ
ωε ε
µ κ
κ
µ ωµ µ σ κ
µ κ
η ξ
ε ωµ µ σ κσ κ
ωε ε
0
0
0
0
 
 
 −
  
 + 
   
 
 × − =
 +
 
−
  +
+ 
 
 (1.17) 
  For ( )2o2o ,y zA Aɶ ɶ modes, the characteristic equation is obtained as 
 
( )
( )( )
( )
( )
( )( )
( )
( )
,2
,2
||
,2
,2
,2
2 2
0
||
1
tan
1
1 cot
1
1
z
zrd z
zd d
r z z
rd
y
yrd z
zd
r rd z
z
rd z
dd
r rd zz
rd
d
i
d
i
i
i
ε κ
κ
ε κ σ κ
ωε ε
µ κ
κ
µ ωµ µ σ κ
µ κ
η ξ
ε ωµ µ σ κσ κ
ωε ε
0
0
0
0
 
 
 +
  
 + 
   
 
 × + =
 +
 
−
  +
+ 
 
  (1.18) 
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Table 2. Matrix elements for eq. (1.12). Here ( ), 1a x az u z raiκ σ κ ωε ε0= + , 
( ), 1s x sz d z rsiκ σ κ ωε ε0= + , ,a y az z ra uiκ κ ωµ µ σ0= + , ,s y sz z rs diκ κ ωµ µ σ0= + . 
cij j=1 j=2 j=3 j=4 
 
 
 
i=1 
( )
( )( )
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,2
,
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a
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×
−
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−
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−
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µ
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×
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κ
0
+
×
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+
+
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We will obtain here the solutions for the 
xy
A and
yz
A optical modes in a hetero-
structure composed of SiO2/graphene/hBN/graphene/air (Fig. 9). Due to the lack 
of the ME effect, we can decompose the solutions into TMx, TMy, and TMz 
modes, where only TMx and TMz modes lead to evanescent waves. We consider a 
thickness of 20 nm for the hBN, which allows for the hybridization of the Dirac 
plasmons supported by graphene layers. Interestingly, the lower Dirac plasmon 
band is hybridized into three distinguished modes (compare Fig. 9 with Fig. 5), 
where the first, third, and fourth modes are quasi-symmetric, in contrast to the 
second mode which is quasi-antisymmetric. This is understood from the computed 
field profiles shown in panels A, B, C, and D. By symmetric and antisymmetric 
modes we mean here the spatial symmetry of the vector potential. Interestingly, 
the presence of the substrate only slightly affects the dispersion and spatial profile 
of the Dirac plasmons. Moreover, due to the thickness of the hBN, it is only the 
quasi- symmetric hyperbolic mode which is excited. The dielectric function of 
SiO2 is dispersive at THz frequencies, which affects the hyperbolic plasmons at 
the hBN/SiO2 interface. Moreover, It is only in the energy range of 0.135 eV< E 
<0.148 eV, that the interface plasmons are bound to the hBN thin film. In contrast 
to the hyperbolic plasmons (Fig. 9, upper right panel), 
xy
A and
yz
A Dirac plas-
mons are degenerate modes (Fig. 9, upper left panel).  
Finally, we consider the most complex case, where the material supports surface 
states as well as the topological ME effect. Thin films composed of topological in-
sulators are such examples. Here we compute the 
xy
A and 
yz
A modes for a thin 
Bi2Se3 film (d = 10 nm) positioned on a glass substrate, within the frequency 
range of 2 meV to 40 meV and the phase constants up to 200 rad µm-1 (Fig. 10). 
Since the ME effect is present here, TMx and TMy modes, as well as TMy and TMz 
modes are coupled with each other and lead to the formation of new groups, with 
their characteristic equations given by eqs. (1.12) and (1.15), respectively. In con-
trast to hBN, however, the lower Dirac plasmon dispersion band does not demon-
strate any hybridization into symmetric and antisymmetric modes. The lower Di-
rac plasmon band is a quasi ( )2o 2e, yxA Aɶ ɶ mode, which is understood from the 
computed field profile at the energy–momentum point marked by A. However, the 
upper Dirac plasmon band is hybridized into two quasi ( )2o 2e, yxA Aɶ ɶ and quasi 
( )2 2, yxe oA Aɶ ɶ modes (Fig. 10 Panels B and C). 
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Fig. 9. 
xy
A and 
yz
A  modes in a heterostructure composed of SiO2/graphene/hBN/air, as shown 
in the inset. (top left) computed propagation constant  for hyperbolic and Dirac plasmons. (top 
right) Zoom into the lower propagation constant regime to show hyperbolic modes. Phase con-
stant is shown by the solid lines and attenuation constant with dashed lines. Light lines in free 
space and SiO2 are shown by dashed-dotted lines. (Bottom) spatial profile of the x-component of 
the electric field at the marked energy–momentum points in the phase diagram. The dielectric 
function for SiO2 is adapted from ref. [39].
xy
A and 
yz
A modes in the top right panel are shown 
by black and blue lines, respectively. 
xy
A and 
yz
A  Dirac plasmon modes are degenerate. 
 
 
The topological ME index given by 0ξ αθ η pi= is only of the order of 10
-6
, which 
leads to a small Faraday rotation of the order of 0.0073 rad [32], at a single inter-
face. It was conjectured elsewhere that due to the presence of a second interface 
which leads to a negative rotation, the overall Faraday rotation might be not be-
cause of the topological ME effect, but because of the quantum Faraday effect 
[40]. However, both symmetric and antisymmetric optical modes can be excited in 
a thin film composed of the topological insulators. Depending on the coupling of  
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Fig. 10.  
xy
A and 
yz
A modes in a heterostructure composed of SiO2/Bi2Se3/air, as shown in the 
inset. (top left) computed propagation constant  for hyperbolic and Dirac plasmons including 
phase constants up to 10
8
 rad µm. (top right) Zoom into the lower propagation constant regime to 
show hyperbolic modes. The phase constant is shown by the solid lines and attenuation constant 
with dashed lines. Light lines in free space and SiO2 are shown by dashed-dotted lines. (Bottom) 
Spatial profile of the x- and y-components of the electric field at the marked energy–momentum 
points in the phase diagram. The dielectric function for SiO2 is adapted from ref. [39].
xy
A and 
yz
A modes in the top right panel are shown by black and blue lines, respectively. 
xy
A and 
yz
A  Dirac plasmons modes are degenerate. 
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symmetric or antisymmetric modes to the excitation field in the THz spectroscopy 
apparatus, the situation might lead to a net rotation of the polarization, or the can-
cellation of the rotations at both interfaces, respectively. 
In order to better show the effect of the ME effect on the optical modes supported 
by our considered system, we computed the spatial profile of both x- and y- com-
ponents of the electric field. In fact in the absence of the ME effect 0yE = . Inter-
estingly, the ME effect only slightly affects Dirac plasmon modes, as well as opti-
cal waves at higher momentum, as understood by comparing the magnitude of  the 
excited
x
E and 
y
E field components. However, hyperbolic plasmons are greatly 
affected by the ME effect in such a way that the excited 
x
E and yE field compo-
nents are of the same order of magnitude. 
1.4  Summary and Outlook 
  As a summary, we computed in this chapter the dispersion of optical modes 
excited at the interface and thin films, composed of hyperbolic materials 
exhibiting a topological ME effect. Several examples were discussed covering 
topological insulators and naturally hyperbolic materials. We considered a novel 
grouping of the optical modes, which allows us to directly construct the solutions 
for the wave equations in a medium with ME effect, for which we allowed for a 
generalization of the gauge theory to further consider the chiral index of the 
material. However, in the absence of the chiral ME effect the generalized gauge 
theory is simplified to the widely accepted Lorentz gauge. The proposed methods 
and the investigations here clearly demonstrate the ultrahigh momentum modes 
supported by graphene and surface states in topological insulators, which can 
provide a platform for novel photonic circuitries including Dirac plasmons, like 
ultrasmall high-quality resonators and waveguides. 
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